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A VARIATIONAL PRINCIPLE AND
THE CONVERGENCE OF A FINITE-ELEMENT METHOD

BASED ON ASSUMED STRESS DISTRIBUTION*
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Abstract-A variational principle is formulated as the foundation of the finite-element method proposed by Pian.
Through this formulation an extension of Pian's original proposal is made and the convergence ofthe approximate
solution to the exact one is proved.

1. INTRODUCTION

IN ORDER to guarantee the monotonic convergence of the solution given by the direct
stiffness method for the finite element analysis of elastic continuum, it has been shown [1]
that the assumed displacement functions for the derivation of the stiffness matrices of the
individual elements must satisfy the compatibility conditions at the interelement boun
daries. In general, for elements of irregular geometry, there is no assurance that such
compatible functions can be constructed. In the case of the bending of plates of triangular
or quadrilateral planforms [2, 3] the compatible displacement functions must be derived
from complicated processes and the resulting functional forms are also very complicated.
Pian [4] has proposed a method which, in principle, can provide compatible stiffness
matrices for elements ofany geometry, In Pian's formulation of the finite element method,
the displacements (and, in the case of plates [5, 6] or shells, the displacements and the
normal slopes) are assumed only over the interelement boundaries, and stresses are
assumed in the interior of each individual element. The boundary displacements are
so assumed that compatibility with the neighboring elements is maintained while the
assumed stresses satisfy the equilibrium equations. It is a comparatively easier task to
construct displacement functions only along the boundary than to develop a continuous
displacement function over the entire volume to maintain the compatibility with the
neighboring elements.

The present paper is to show that such a method is actually an application of a varia
tional principle and to prove its convergence. A slight extension of Pian's original proposal
will also be given in this paper.

2. A VARIATIONAL PRINCIPLE FOR THREE-DIMENSIONAL PROBLEMS

Let us define a functional, II

II = L: [r T;u;dS- f (T;)oUidS-Un(rJi)]' (1)
n JaV n San
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Un is the strain energy of a subregion v,. of the region V being considered, and is expressed
in terms of stresses. V = In v,. is the total volume being considered. ov,. is the boundary
of v,. and ov,. San+ SUn +Sn with San' SUn' and Sn being the portion of ov,. where surface
traction 1;, displacement Uj, and neither traction nor displacement, respectively, are
prescribed. Subscript 0 denotes a prescribed quantity. The surface traction 1; is equal to
VPij' where Vj is the component of the surface normal. The following theorem holds for
the functional II:

Theorem. Of all the admissible stresses and displacements, the actual solution i.e. the
one which satisfies the compatibility conditions in all v,. and makes all v,. in equilibrium
with each other, is distinguished by the stationary value of II and the solution is unique.
The stress is admissible if it is of class C1 in each v,. and satisfies the equilibrium equations

(2)

in v,.. The displacement is admissible if it is continuous on av,. and

(3)

on SUn'
To prove this theorem, let us consider

(4)

where K jjkl = K jjkl = K klij and is positive definite. The first variation of II is

If

(5)

ba.. . = 0
'}.}

in v,. (6)

the term in the first sum of equation (5) is actually the first variation of the complementary
energy ofthe volume v,. for a given Uj on ov,.. Clearly, for the actual solution of the problem,
we have JIl O. If bIl = 0, for all admissible Jaij and JUj, each of the sums of equation (5)
must vanish. From the first sum we obtain the compatibility equations in v,. and a strain
stress relation on av,.. From the second and third sum we require the equilibrium between
the adjacent intersurface of the elements and the satisfaction of the stress boundary con
ditions, respectively. The proof of uniqueness is standard by using the property of positive
definiteness of Un'
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(7)

In the case ofthe plate theory, the form ofn must be appropriately modified as follows:

n = I [f q"w d/+ f Ma.Pw,a.vp d/- f (M,,)o aw dl
"vAn vAn J'''n2 aN

- f (q,,+ :IMa.PVa.aalp) w d/- U,,(Ma.P)].
J''''n2 x 0

Here, A = I"A" is the entire surface ofthe plate, oA" is the boundary ofA" and oA" = I"'nl +
Iun, +1", I"'nl being the portion of oA" where the transverse shear, q", and twisting moments
M". are prescribed, I"'n2' where normal moment M" is prescribed, IUnl' where the lateral
displacement w is prescribed, IUn2' where the normal slope, ow/an, is prescribed and I",
where neither boundary loading nor displacement is prescribed. Other symbols in this
expression are: Ma.P, the moment resultants, v, the direction cosine, U ,,(Ma.P), the bending
energy of the element A", The normal moment M" is defined by the equation

(8)

The displacement w and ow/on must be equal to the prescribed values on IUnl and IUn2
respectively.

3. APPLICATION OF THE VARIATIONAL PRINCIPLES

We can show that Pian's scheme'is a direct application of the theorem in the previous
section. Here we shall give a brief derivation of Pian's scheme and make a slight extension
of it by including the body force. For simplicity, we will consider only the expression of n
given in equation (1).

Le~ us begin by expressing the stress distribution {a} in a subregion li;, in terms of m
undetermined stress coefficients {P} and a vector function [PB] {PB} as

{a} = [P]{P} +[PB]{PB} (9)

where [PB] {PB} is a particular solution of the equilibrium equations and vanishes if the
body forces are zero. [P] {P} are so chosen such that the homogeneous equations of
equilibrium in li;, are satisfied. The surface traction 1] (= Viaij) and the displacement Ui

on oli;, can be written in matrix form

{T} = [R]{P} + [RB]{PB}

{u} = [Q] {q}

(10)

(11)

where [RB]{PB} corresponds to [PB]{PB}, {q} are k undetermined coeffirients (nodal dis
placement) and [Q]{q} are so chosen that {u} is continuous on all oli;, and equals the
prescribed displacements on SUn' Then n can be written as

"
-t{PV[H] {P} - {P}T[HB]{PB}

- {SoV{q} -tR,,) (12)
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[T] = f [RY[Q] dS
oVn

[TB] = f [RBY[Q] dS
oVn

[H] = f. [PY[N] [P] dV
V n

[HB] = f [PY[N] [PB] dV
Vn

B" = {PBV f [PBY[N] [PB] dV{PB}
V n

{SoV = 1 {roV[Q] dS
S"n

(13)

and [N] is defined by the equation

U" = t f. {aV[N]{a} dV. (14)
V n

The first variation of II with respect to all Pand all unspecified q is

c5ll = L PPV([T] {q} - [HB] {PB} - [H] {P}) +L ({PV[T] + {PB}T[TB] - {SoV){c5q} (15)
" "

c5ll = 0 implies

(16)
and

Substitution of equation (16) into equation (12) yields

II = L HqV[K]{q} - L {q}T{S} +B

where

[K] = [TY[Hr I[T]

{S} = {So}-[TBY{PB}+ [TY[Hr 1[HB]{PB}

B = Lt({PBV[HBY[Hr 1 [HB]{PB} - B,,).
"

(17)

(18)

(19)

Matrix [K] is identified as a stiffness matrix for the element v,. which is identically the same
as that originally obtained by Pian [4]. Therefore, introduction of the body force does not
change the stiffness matrix at all. The present extension, however, points out a way of
lumping the body force systematically into the generalized forces.

Several important observations that should be made here are as follows:
(1) Although the matrix [H] for each element is positive definite, the element stiffness

matrix [K] is k x k matrix and is positive semidefinite. Its rank is equal to min (m, k -l),
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(20)

where I is the number of degrees of freedom of the element corresponding to the rigid
body motion.

(2) Let M and N be the total number of degrees of freedom in the assumed stresses
and the assumed displacements, respectively, then M must be greater than N in order that
a solution for <5TI = 0 is obtainable. If N ~ M, equation (17) will give no solution for f3's,
in general. Even if there is a solution for f3's in equation (17), the q's cannot be determined
uniquely from equation (16) since [T] is an m x k matrix and its rank is equal to
min (m, k-l). Ifrn ~ k-l for each element, the existence ofthe solution for f3's is guaranteed.

(3) In general, the finite element solution will depend upon the choice of the particular
solution in equation (9). Let {ai} = {P} {f3J + {PBi} {f3BJ and {qj}, i = 1, 2 be two solutions
corresponding to two different particular solutions. Let

{q} = {ql}-{q2}

{a} = {atl-{a2}

{f3} = {f3tl- {f32}

[PBHf3B} = [PBI] {f3Btl- [PB2Hf3B2}·

Then [PB] {f3B} is a homogeneous solution of the equilibrium equation. The TI-functional
for the difference {q}, {a} of the solutions are identical in form as equation (18) and satisfied

L {<5qV([K]{q} - {S}) = 0 (21)

with {S} defined as equation (19), except that {So} = o. If [P] does not contain all the
columns of [PB]' {S} will not be zero in general, i.e. {q} it O. But if [P] contains all the
columns of [PB] it can be easily seen that [TBY = [TY[Hr I [HB] in equations (19) and (13),
thus {S} = O. Therefore, we have {q} = 0, except the possibility of rigid body motion.

In practice, the elements of [P] {f3} are chosen to be polynomials. If the body force
distribution is expressed in terms of a polynomial the particular solutions [PB] {f3B} are
also polynomials. If we include in the polynomials in [P] {f3} all the terms of the different
particular solutions [PB] {f3B} the finite element solution should be independent of the
choice of these particular solutions.

Since the use of terms of a higher degree in [P] {f3} implies considerably more com
putation effort, it is of practical importance to approximate the body force distribution
with only lower degree polynomials and to include the lowest degree terms for the particular
solution.

(4) It is seen from the present variational principle that the stress boundary condition
is not a restrained boundary condition; thus, in the approximate solution, it is not required
to be satisfied identically by the assumed function. Therefore, Pian's suggestion [5] that
the inclusion of a condition that the assumed stress must satisfy the prescribed surface
traction may not be necessary. But, the numerical example on plate bending given in [6]
indicates that for relatively large elements, a much more accurate result is obtained by
making the stress satisfy the stress boundary conditions.

(5) This method involves a hybrid model. From the variational principle, it can be
shown that the direct flexibility influence coefficient by this model is always bounded from
below by that of a compatible model having the same type of interelement boundary dis
placements and bounded from above by that of an equilibrium model using the same type
of interior stresses.
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(6) Finally, it should be remarked that a dual variational principle to the one proposed
in this paper has been suggested by Jones [7J and that the finite element displacement
method developed by Yamamoto [8J can be interpreted as the application of this dual
principle.

4. CONVERGENCE OF THE FINITE-ELEMENT SCHEME

The convergence proof is rather straightforward by following the method used in [1].
Suppose {O'} and {u} are the actual solution being considered and can be separated in the
form

(22)

in each subregion v" and

{U} = {ud +0(82
) = [Q]{y} +0(82

) (23)

on av" where [PJ, [PHJ {PH} and [Q] are defined in equations (9) and (11) and 8 is a measure
of the size of the subregion v". If the slope of U is discontinuous at certain places, either the
term 0(82

) should be changed to 0(8) or properly choosing the element so that the dis
continuity occurs on av". Let {O'*}, {u*} be the solution of equations (16) and (17). If Ti
and n* are used to denote the value of n associated with ({O'}, {u}) and ({O'*}, {u*}),
respectively, then we can show in the following that

In* - Til = 0(8) as 8 -> O.

Let

x = ~ [2Un(O') - L~n Cf;)oUj dS + L~n (T;)ou{ dSJ

y= ~ [2Un(0')- Lun T;(uj)odS+ Isun Tf(U;)odSl

Since {O'}, {u} are the exact solution, we have, from equation (5),

X = ~ [Lun T;(u;)o dS+ L~n (T;)ou{ dS J

y = L [1 (T;)ou jdS +1 T{(uj)o dSJ.
n San SUn

By equation (23) and the fact that U{ is equal to (U j )l on SUn

(Uj)o - (Uj)* = 0(82 )

and since

L1T;u{ dS = 0
n Sn

we have

X = LI T;u{ dS + 0(82).
n aVn

(24)

(25)

(26)
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The term 0(t:2
) is identically zero if uf equals (uJo on SUn' By equations (22) and (16), we

can write

x = Lf ('T;huf dS+O(t:)
n OVn

= Lf Kijk/(Jfi(Jkl)t dV +O(t:)
n V n

= L f Kijk/(JU(Jk/ dV +O(t:).
n V n

From equation (23) Y of equation (26) can be written as

Y = ~ [tn (ui)t('T;)o dS + Lun (ui)t Tf dSJ+0(t:
2

).

We see that equation (17) may be expressed as

~ Lan (uY('T;)o dS = ~ [Lan (uJt Tf dS + Ln (Ui)t Tf dSJ
by setting [Q]{t5q} = {uk Therefore

Y = L r Tf(Ui)t dS+0(t:2
)

n JOVn

- L r Tfui dS +0(t:2
)

- n J
OVn

= L r Kijk/(JU(Jk/ dV +0(t:2
).

n JV re

From equations (1), (16), (17) and (25)

0* - n = L [Un(J) + Un(J*)]
n

- ~ [2Un(J)- Lan ('T;)o(ui-un dSJ
= L [Un(J)+Un(J*)]-X

n

or

0* - n = L [2Un(J)- f. (Ui)o('T;- Tn dsJ
n SUn

- L [Un(J) + Un(J*)]
n

n

From equations (5), (27) and (28), we get

o*-n = L Un(J-(J*)+O(t:)
n

(27)

(28)
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or

which implies that
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IIl* - 01 = 0(8).

The origin of the term 0(8) in equation (27) is from the approximation in stresses. If we
can use a better stress approximation [equation (9)] such that equation (22) can be written as

{a} = [P]{cc} + [PB]{PB} +0(82)

then it can easily be shown that

(29)

Any further improvement of the stress approximation without improving the displace
ment approximation will not be able to change the approximation ofIl* to n consistently,
as in equation (29).

In equation (28), since Il* --+ 0, we have

(30)

Since the strain energy is positive definite, it can be concluded that {a*} converges to
{a} in the sense of equation (30), as 8 tends to zero.

The convergence of {u*} can be proved as follows. Let

{u**} = [A] {q*}

be the exact displacement in v,. corresponding to the prescribed displacement {u*}
(= [Q]{ q*}) on av,.. The strain energy of the volume V associated with the displacement
field {u**} is

tD(u**) = t LI Cjjklet*etr dV
n V n

(31)

where et* = t(utj +uj,t). Since u* must be a smooth function along the interelement
boundaries as 8 --+ 0 (otherwise Il* will be unbounded), the stresses given in equation (9)
which satisfy equations (16) and (22) are approximately equal to Cijkletr. That is

Therefore,

!D(u**) = L Uia*)-0(8).
n

It has been shown that [1]

f. (U-U**)2 dV ~ ~D(u-u**)
v A

(32)

(33)t

t In the case of Ds dS = 0, the stiffness matrix is positive semidefinite. One must then impose additional
conditions of removing";igid body motion in order to prove this condition.



A variational principle and the convergence of a finite-element method 471

where A. > 0 and

D(u-u**) = D(u)-2 Iv Cjjkleijet,* dV+D(u**)

= 2 L [Un(U)- r T;ui dS+Un(U*)] +D(u**)-2L Un(u*) (34)
n Javn n

= 2 L Un(u-u*)+D(u**)-2 L Un(u*).
n n

From equations (20) and (32), we have

D(u-u**) -+ 0 as e -+ O.

Therefore

Iv (U-U**)2 dV -+ 0 as e -+ O.

5. CONCLUSION

A functional is constructed for the foundation of the finite-element method proposed
by Pian. The functional has an extremum associated with the actual solution ofthe problem,
if the actual solution exists. By the application of the properties of the functional, the mean
convergence of the approximate solution to the exact one is proved. From the theorem
proposed, we can see that the stress boundary conditions are unrestrained boundary
conditions and, in the dual method, the displacements are not restrained boundary con
ditions. In proving the theorem, we have also shown that in Pian's method the total
number of degrees of freedom in stresses must be greater than or equal to that of the dis
placements and vice versa for the dual scheme in order to guarantee the existence of
solutions. The solution will, in general, depend upon the choice of the particular solution
of the equilibrium equation when the body forces are not zero. This difficulty can be
avoided by making both the homogeneous and the inhomogeneous solutions to be poly
nomials of the same degree. By so doing, the inhomogeneous equilibrium equations may
not be satisfied identically, but it will be within the same order of approximation of the
finite-element method. This assumed stress method is a hybrid method. It can be shown
that its solution will yield a structure more rigid than that by an equilibrium model using
the same type of stress distribution within the elements, and more flexible than that by a
compatible displacement model having the same interelement boundary displacements.
From the proof of convergence, we can see that in order to obtain progressively better
accuracy, we must improve the stress and the displacement approximations properly and
simultaneously. For example, in applying Pian's method for the plane stress problem, if
linear displacements are used for the boundary of a quadrilateral element, a constant or a
linear stress distribution in the interior can be used. A linear distribution of stress will be
the optimum choice. The inclusion of quadratic terms or higher order terms in stresses
without the inclusion of the higher order terms of the displacements cannot guarantee an
improvement in the solution.
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A6cTpaKT-<I>opMYIIHPYeTCli BapHaL\HOHHbIH nplIHl.\lIn KaK OCHOBa MCTO)l,a KOHe'lHOrO 3IleMeHTa npe)l,IlO
lKeHHoro nllaHoM. BCIle)1CTBlle TaKOH (j>OpMyIlllpOBKII pa3BIIBaeTcli 0p"rllHaIlbHOe npe)l,nOIlOlKeHlle
nllaHa II IICCIle)l,yeTCH CXO)l,IIMOCT.b rrpll6IlIIlKeHHoro perneHIIH C TO'lHblM perneHlleM.


